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Abstract 
 

We present both analytic and Monte Carlo calculations of the resolution of VISION, 
which is a crystal-analyzer spectrometer based on the TOSCA design. The analyzer 
crystal in VISION is configured to focus in time, radial, and transverse directions (“triple 
focused”).  Previously published analytical results have two serious flaws in the handling 
of the statistics, which gave misleading results. First, Gaussian distributions were 
assumed for all resolution components, so that full-width-half-maximum could be used.  
Not only is this a very poor approximation for most terms, it is also completely 
unnecessary because standard deviations can be combined in quadrature for any shape 
distribution (except Lorentzian).  The second flaw was the choice of variables that are not 
independent, so that significant correlations were ignored.  An example of the effect of 
including correlations is that the mosaic spread of the analyzer crystals does not 
contribute to the resolution in first order.  Monte Carlo simulation is not limited to first 
order, and we find a mild optimum value for mosaic spread. A complete set of six 
independent variables is: neutron emission time, incident flight-path variation (due to 
moderator tilt), sample thickness, mean path in the analyzer (due to multiple reflections), 
sample-to-detector radial distance, and detector thickness.  We treat separately the 
resolution contributions from histogramming and rebinning during data acquisition and 
reduction, and describe a scheme for VISION that minimizes the effect on resolution.  
We compare the contributions of the six variables to the total resolution, both analytically 
and by Monte Carlo simulations of a complete VISION model using the Neutron 
Instrument Simulation Package (NISP).   
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1.  Parameters of a high-Q crystal-analyzer spectrometer 

We wish to develop a statistically precise analytic form for the energy resolution of VISION, a TOSCA 
style crystal-analyzer spectrometer [1], for a better understanding of the simulations made with the 
Neutron Instrument Simulation Package (NISP) [2].  Some of the NISP results appear to contradict 
“common knowledge” [3-5].  The problem is simplified compared to [3] because vector Q information is 
not required.  We avoid the unjustified approximation that all distributions are Gaussian.   

The analysis is also simplified compared to the more general focusing problem [6,7] because the TOSCA 
geometry assumes the special case of co-planar sample and detector and parallel analyzer.  We will attain 
“triple focusing” by manipulating the shape of the analyzer crystal. 

The principal variables for a crystal-analyzer spectrometer optimized for high-Q vibrational studies are 
shown in Fig. 1.  The final neutron energy is a selected by the analyzer, and time-of-flight is used to 
determine the initial energy.  In general, subscript 1 refers to the incident beam (moderator to sample), 
and the subscript 2 refers to the path of scattered neutrons (sample to analyzer to detector).  Subscript 0 is 
reserved for scale factors and derived factors involving both paths.  Also indicated in the figure are typical 
shapes of the six independent distributions that contribute to the resolution of the instrument. 

The two measured quantities for each detected neutron are 
 R2 = nominal distance of a detector element from the center of the sample 
 t  = total time of flight 

Given that the sample and detector are coplanar, four parameters specify the instrument geometry: 
 L1 = nominal incident flight path, center of moderator face to sample 
 Z2 = nominal axial displacement from sample (and detector) to analyzer crystal  
 q  = nominal angle of incidence at the analyzer 
 d  = crystal plane spacing = 3.348 Å for PG002 

The probability distributions that (may) contribute to the uncertainties of the measured energies are 

Fig. 1.  Layout of a TOSCA style crystal-analyzer spectrometer, showing instrument parameters and the 
statistically independent sources of resolution broadening.  For time focusing, the sample and detector are coplanar. 
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dt  =  convolution of proton pulse width and emission time distribution as measured or 
simulated at the moderator surface; may also include recorded time-bin width 

dL1 = variation of L1 due to tilt of moderator surface; 0 if beam line is perpendicular  
dA = depth in sample, affects both L1 and Z2 
dB = effective depth in crystal, affects Z2 twice; may be greater than the crystal thickness 

because of multiple reflections (random walk) in the crystal 
dR2 =  convolution of detector element width and sample width, with second-order contributions 

from detector and sample heights 
dC = depth in detector, affects Z2 

df , dy   = orientation angles in the analyzer crystal, affecting R2 and q, shown to be second order 
and hence negligible 

Scale factors used in the analytic equations: 

 meV8247.1
2
1

2

22

0 =�
�

�
�
�

�
��
�

�
��
�

�
=

dm
h

E  

 v0 =  (h / 2m d)  =  590.8 m/s  =  normal component of final velocity  

2.  Energy relationships 

The final energy E2 is selected by Bragg scattering in the analyzer.  Estimate q  from the detector location 
R2 (assuming symmetry, but see section 3), and apply the Bragg condition: 

 ( )2tan 22 RZ=q  (1) 

 ( )2
2

2
222 22sin2 RZZdd +== ql  (2) 
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Note that t2 = 2Z2/v0 is independent of angle (time focusing).  Subtract to find t1, and solve for E1 
 t1  =  t – t2  =  t – 2 Z2/v0 (5) 
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We see that E1 is a function of t but not R2, and E2 is a function of R2 but not t.  The neutron energy loss 
(sample excitation) as a function of t and R2 is found by subtracting Eq. (4) from Eq. (6): 
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Compared to Eq. (9.3) of Ref. [4], the significant difference is that the independent variables are the 
measured quantities t and R2, not sinq  which is derived from R2.  Each detector element has a slightly 
different value of Q, but for studying undispersed modes all may be summed.   

3.  Mosaic spread in the analyzer crystal 

The effect of variations of orientation angles in the analyzer crystal (mosaic spread) must be examined.  
In section 2 we assumed a perfect crystal with reflecting planes parallel to the surface.  For convenience 
consider an analyzer in the horizontal scattering plane. Now suppose that at the point of reflection there is 
a variation of orientation with a counterclockwise tilt f   (in the scattering plane) and an upward slope y  
(out-of-plane).  For a neutron to arrive at the same detector point, the point at which the reflection 
occurred must be offset from the nominal position by x (horizontal) and z (vertical).  To first order in f   
and y , 
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As long as the angle q  is not too small, the deviation x  is of the same order as f .  In all cases z  is of the 
same order as y   (both deviations scale with Z2).  The denominator in Eq. (1) assumes the sample-to-
analyzer and the analyzer-to-detector distances (respectively LA and LB) are equal and have no vertical 
component.  Applying the offsets, the squares of the two distances are 
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Expanding the square roots, 
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The only first-order corrections are equal and opposite.  Thus there is no first-order correction to the total 
secondary path length L2 = LA+LB.   

Consider also the actual Bragg angle.  The angle from the sample at the reflection point is q +f  and the 
angle from the detector is q - f .  Keeping second-order terms, with sin(f )=f  and cos(f )=1- f 2/2,  
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Summing these two equations gives 
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Again, the first-order terms cancel and there are only second-order corrections to Eq. (1).  Since our 
analytic resolution function will be first-order, we neglect the distributions df  and dy .  However, when 
multiple reflections are allowed in the analyzer crystals (section 5.3), and when the area of the analyzer is 
large, then neutrons arrive at a detector point by many different paths, and there are strong correlations 
with mosaicity.  NISP does not suffer from the first-order limitation of the analytic form, but rather 
includes all orders of corrections and correlations, and is arguably more complete than any other general 
Monte Carlo code [7,8].  In particular, only NISP includes multiple scattering and penetration depth in the 
analyzer crystal, and only NISP includes incoherent scatter [9].  In section 6.3 we demonstrate both the 
first-order independence and the correlations that become significant for rocking curves greater than 
about 3° fwhm. 

4.  Energy resolution 

The complete statistical probability distribution of  w�  is found by multiplying partial derivatives of 
Eq. (7) by the corresponding distributions.  This is the only way to account for correlations. 
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Note from Fig. 1 that the variation of L1 depends on both dL1 and dA.  Although t2 is a constant because of 
time focusing, it does have a probability distribution through its dependence on Z2, which in turn depends 
on sample, analyzer, and detector thickness distributions.  Averaged over sample-analyzer and analyzer-
detector distances, 
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In terms of the statistically independent distributions illustrated in Fig. 1, Eq. (13) becomes 
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where  
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To visualize the resolution function or to take the limits for small and large energy transfers it is 
convenient to express eqs. (7), (16) and (17) as functions of (� w, q) instead of (t, R2).  The leading factor 
can also be simplified using Eq. (6).  Then 
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This is the statistically correct solution for the energy resolution, expressed as a convolution of the six 
independent probability distributions.  Note again that the crystal mosaic does not contribute, except as it 
affects dB.  Nor is there a term multiplied by L2, as there is in Eq. (9.13) of [4]; instead, Z2 occurs only in 
denominators.  The dR2 term replaces the analyzer angle term, DqA.  All terms have angular dependence, 
and the operation of averaging over the detector may increase the variance.  Care must be taken in the 
data acquisition and reduction to achieve the resolution implied by Eq. (21); we discuss the additional 
terms in section 6.  

To express the asymptotic behavior for low or high energy transfers, we evaluate Eq. (21) at q =45°, the 
nominal angle of incidence for the center element of the VISION detector. (Note that q  is a parameter 
and not a variable in this formalism.) 
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Thus at very low energy transfers (or elastic scattering) the absolute resolution is a constant, while at 
moderate to high energies the relative resolution has terms that increase as the square root of the energy.  
We must also take note that the time distribution, dt, varies with energy.  For most sources the pulse shape 
is relatively constant below E » 5 meV; we will refer to this part of the spectrum as the “thermal” pulse 
shape.  Above E » 300 meV, the slowing-down or “epithermal” regime, dt scales with E/1  so its 
contribution to the relative uncertainty becomes constant; however the width of the proton pulse may then 
become relevant. 
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5.  Evaluation of variance terms 

The terms in the above resolution expressions are statistically independent, so they can be combined in 
quadrature, with no need to assume that the distributions are normal.  The variance of the convolution is 
always the sum of the variances of the terms.  No other width statistic, and especially not the fwhm, can 
be combined in this way unless the distributions are all normal.  Ref. [4] explicitly makes that 
assumption, but it is neither necessary nor accurate.   

The standard deviation (square root of the variance) is not by itself an adequate statistic to describe the 
width of a distribution with an exponential tail because it is too sensitive to the tail.  (The fwhm also fails, 
by ignoring the tail altogether!)  For experimental or simulated data, we compromise by using the Gini 
mean-difference (see section 6.1 below).  The only “true” measure will be to determine the distribution 
itself, by integrating the convolution of the terms using NISP. 

In the following sections we look at the individual resolution terms.  For numeric examples, we consider 
the VISION spectrometer positioned at L1 = 15 m from the SNS bottom-upstream water moderator 
(poison depth 25 mm) on flight path 16B (11° off normal).  The sample is 40×40×2 mm3.  Analyzer 
parameters are Z2 = 260 mm, q = 45°, triple-focused PG002 crystal made up from 12×12×2 mm3 tiles, 
and 20 detector elements with 470 mm < R2 < 570 mm, each detector being 5 mm wide and 50 mm high. 

5.1  Moderator surface distance, ddddL1 

We look first at dL1, the distribution of distances from the moderator surface to the nominal sample 
position.  If the beamline is perpendicular to the moderator, this term is zero.  For a rectangular moderator 
of width WM = 100 mm and tilt angle f M = 11°, the distribution is square and the variance is  

 V[L1] = (WM sinf M)2 / 12 ~ (5.4 mm)2 (24) 

5.2  Source pulse shape, ddddt 

We look next at dt, the time distribution of neutrons at the moderator surface.  The distribution varies 
slowly with E1, and we choose 01 2EE += w�  (center of detector, q = 45°).  Most moderators approach 
thermal equilibrium for long wavelengths, and the limiting thermal shape d2(t) is independent of l .  In all 
cases the limiting epithermal distribution depends on t/l , d1(t/l ).  With no theoretical model, and in the 
absence of experimental data, we use simulated pulses from MCNP as provided by the SNS [10].  The 
limiting means and standard deviations for the SNS bottom-upstream (25 mm) water moderator are  

 epithermal: m1 = 10.8 ms/Å, s1 = 10.8 ms/Å 

 thermal: m2 = 30.5 ms, s2 = 20.3 ms (25) 

After multiplying s(t;l ) by v0 to scale the units to mm, the limiting variances for this moderator are 

 V[v0 t]epithermal = l 2 (6.4 mm/Å)2, l  < 0.6 Å 

 V[v0 t] thermal = (12.0 mm)2, l  > 5 Å (26) 

These values are rather large because of the 25-mm poison depth of this moderator.   

In the very important intermediate region, the two distributions overlap.  For the analytic approach, we 
use tabulated values of the variance.  Since the two limiting distributions are added and not convoluted, 
the resulting distribution has a bimodal character, and the variance is increased by a contribution from the 
separation of the two mean values. The pulse shape is the largest term in the resolution over most of the 
range.  The dt contribution from binning in the data acquisition is considered in section 6. 

For the Monte Carlo simulations, a wavelength is first selected from the energy distribution.  If the 
wavelength is in the intermediate regime, one or the other time distribution is chosen by comparing a 
random number to a switch function.  Since that process applies only to the simulation, we omit the 
details, which are given in the NISP documentation [11].   
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5.3  Sample and detector thicknesses, ddddA and ddddC 

The penetration distributions for the sample and the detector are actually truncated exponentials, but 
within the precision of this analysis can be taken to be uniform.  If we take dA and dC to be square 
distributions respectively 2 mm and 3 mm thick, then the variances are 

 V[A] = (4/12) mm2,   V[C] = (9/12) mm2   (27) 

5.4  Analyzer effective thickness, ddddB  

In a mosaic crystal, any neutron that satisfies the Bragg condition well 
enough to reflect once has a high probability of multiple reflections.  
Thus any neutrons that do not escape from the crystal after a single 
reflection may be “trapped” for a very long time, till they either escape 
via random walk, are absorbed, scatter incoherently, or reach the edge 
of the crystal.  As shown in Fig. 2, the effective depth B is not limited 
by the thickness of the crystal (cf. Fig. 9.6 of [4]).  Since all reflection 
angles are equal (within the mosaic spread), the total path length within 
the crystal is 2B / sinq.  The time spent in the crystal is 2B/ v0, so if we 
look at the simulated time we can determine the effective B.  

In the absence of experimental data on the time distribution of the 
crystal analyzer, we again turn to simulation to estimate the variance of 
dB (see section 6.3).  For the range of mosaic spreads considered, a 
typical mean value of B is 0.4 mm, and the variance is  

 V[B] =  (0.7 mm)2 . (28) 

The shape is extremely asymmetric, as illustrated in the inset in Fig. 1, 
making the first-order analysis dubious.  The effect of the tail (later 
time of detection) is in the same direction as the tail of dt. 

5.5  Detector offset, ddddR2 
The variance of the nominal detector element offset R2 has contributions from both width (X) and height 
(Y) of the detector element (D) and of the sample (S), and is found by setting  

R2
2 = (XD – XS)

2 + (YD -  YS)
2 (29) 

For convenience we consider the horizontal scattering plane, but in general X and Y represent radial and 
tangential directions, respectively.  We find the variance of R2

2 from the variances of X2 and Y2, and the 
variance of R2 by differentiation. 

 V[R2] = V[R2
2]/(4 R2

2) = (V[X2] + V[Y2])/(4 R2
2) (30) 

The difference XD – XS is a trapezoidal distribution centered at the nominal separation X0.  Integrating the 
2nd and 4th moments of X over the distribution to find the variance of X2,  

 V[X2] = E[X4] -  (E[X2])2   

           =  X0
2 (DXD

2 + DXS
2)/3 + (DXD

4 + 5 DXD
2 DXS

2 + DXS
4) /180 (31)  

where DXD and DXS are the full widths of the detector element and the sample.  A major difference from 
previous treatments of this term results from integrating over the trapezoidal distribution instead of 
ignoring cross terms.  In this case the correlations increase the effect on the resolution.  The variance of Y 
is similar, but the first term is missing because Y0 = 0. 

 V[Y2] = (DYD
4 + 5 DYD

2 DYS
2 + DYS

4) /180 (32) 
Setting X0

2 = R2
2 for the center of a detector element, and applying Eq. (30), omitting all but the largest of 

the second-order terms, 

 
Fig. 2.  Random walk in the analyzer 
crystal.  The effective depth B may be 
much larger than the crystal thickness. 
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 V[R2] = (DXD
2 + DXS

2)/12 + DYD
4/(720 R2

2) (33) 

The most significant term is the widths of detector and sample. The second-order term becomes 
significant for the proposed tall detectors of TOSCA [1], which would have had DYD = 250 mm, and 

 V[R2]TOSCA = (13.3 mm)2  (34) 

 V[R2]VISION = (11.6 mm)2  (35) 

These values assume the sample width is DXS = 40 mm. Resolution improves for narrower samples. 

6.  Analytic and Monte Carlo results. 

Since the six terms in Eq. (21) are statistically independent, the variance of the resolution function is the 
sum of the six variances.  However this is only a first-order result.  To calculate the resolution completely 
requires integration of the convolution of all the distributions, which is best done by a Monte Carlo 
simulation.  We use the complete model of the VISION instrument in the Neutron Instrument Simulation 
Package (NISP) to determine the resolution for a sample having 11 d-function energy transfers from 0 to 
368 meV.  Fig. 3 is a “virtual reality” view generated by NISP.  The Be filter is used to remove higher-
order reflections from the crystal, and does not affect the resolution. 

The width of the data acquisition time channels has not been included explicitly in Eq. (21) because it can 
be made small compared to Eq. (25).  “Time focusing” means that the secondary flight time t2 is the same 
for all neutrons, even though the energy of the neutron varies across the detector. Eq. (7) shows how to 
combine data from different detector elements (that is, different R2) into energy bins. For highest 
precision when rebinning, the recorded time scale should be logarithmic in (t – t2), that is, a logarithmic 
time scale starting at a delay of t2 after the proton pulse.  In the NISP simulation we recorded 5310 time 
bins with relative width dt/t = 0.0005, or dE1/E1 = 0.0010.  For the reduced data after summing over the 

 
Fig. 3.  View of one analyzer bank in the VISION model. Triple focusing in X, Y, and t is accomplished by dividing the 
analyzer into conical zones with independent radii and slopes.  The virtual reality file is produced by NISP. 
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entire detector we used � w bins that are linear below 10 meV (width 0.02 meV), and logarithmic above 
10 meV (width 0.2%).  Fig. 4 is a typical result of the data reduction.  There are from 5 to 10 bins over the 
half-width of each energy, so we can state that the data acquisition/reduction scheme does not impact the 
experimental resolution.  (For the comparisons in section 6.2, we will use twice as many � w bins.) 

6.1  The Gini mean-difference statistic 

Because the distributions are skew and have both backgrounds and statistics, we use the Gini mean-
difference [12] instead of rms values to estimate the standard deviation from the data. Since the Gini 
statistic depends only on first powers, it is more robust. For a discrete distribution, the definition is  
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An important computational simplification occurs if the data are ordered by value.  Then the double sum 
can be replaced by a single pass through the data: 
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For a histogram, we treat data as being uniformly distributed within each bin. Then 
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[When the data bins are logarithmic, it is more appropriate to use log(xi) instead of xi as the bin 
boundaries.  The result would be log(g).]  Finally, g is normalized to standard deviation by multiplying by 

2/p .  Eq. (38) is easier to program than it looks. Here is a Fortran code fragment to compute the mean, 
g, and s , assuming that limiting values for the bin numbers have been determined. 
 SUMY = 0.d0 
 SUM1 = 0.d0 
 SUM2 = 0.d0 
 DO i=i1,i2 
  XX = X(i)+X(i+1) 
  SUMY = SUMY + Y(i) 
  SUM1 = SUM1 + Y(i)*X 
  SUM2 = SUM2 + Y(i)*(XX*SUMY - Y(i)*(XX + X(i))/3. 0) 
 END DO 

 
Fig. 4. Histogram of simulated data for the VISION instrument, summed over one analyzer/detector bank, for mosaicity 
0.007.  Since the scattering kernel consisted of 11 d-functions, the peak shapes are the complete resolution of the instrument, 
including data acquisition.  The asymmetry of the resolution is due to the tail of the source emission time and from multiple 
reflections in the analyzer.  The background between the peaks is mostly due to incoherent scatter from the analyzer. 
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 mean  = 0.5*SUM1/SUMY 
 g     = (2.0*SUM2/SUMY – SUM1)/SUMY 
 sigma = 0.886227*g 

For an exponential, the normalized Gini is 89% of the standard deviation; for a square distribution, 104%. 

6.2  Analytic/simulation comparison for a single analyzer tile 

The solid lines in Fig. 5 are the six analytic terms and their quadratic sum   The salient features are that 
the R2 term (width of sample and detector element) dominates at low energy and t (neutron emission time) 
dominates at high energy transfer.  The next contribution is the tail of the effective thickness of the 
analyzer crystals, B.  Though not apparent in the first-order analytic treatment, the B term may become 
significant at very large mosaic spread. 

The symbols in Fig. 5 are the simulated resolutions (Gini statistic) for the 11 energy transfers shown in 
Fig. 4.  The primary output of NISP is always detector histograms.  While it is possible to use a post-
processor program to extract information that cannot be directly measured, we have chosen to modify 
parameters to suppress contributions to the resolution. In NISP (as in the real world), we cannot reduce 
resolution to zero without the intensity also going to zero; for instance, if a detector element has no width, 
it can never be hit.  The modifications we made were 

dL1 = 0 by setting the moderator perpendicular to the beam  

dt = 0 by editing the source table, or by defining a fixed wavelength source 

dA, thickness 0.1 mm instead of 2 mm, and scattering cross section increased by the same factor 

dB can not be reduced smaller than 0.2 mm without affecting the algorithm for PG reflectivity 

dC = 0 by setting the efficiency at 1 Å to 100% (normally 30% at 1 Å, 81% at 4.7 Å) 

 
Fig. 5. Analytic and simulated resolution terms for a single 12×12 mm2 analyzer tile. Simulations of individual terms at 11 
energies are shown for R2, t, B and C.  The “Minimum” simulation is discussed in the text.  The t term is segmented because 
it is found by linear interpolation in a table, and the high values at intermediate energies result from the bimodal character of 
the pulse shape (section. 5.2). 
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dR2, reduced sample size to 1 mm and detector element to 3 mm 

� w bins reduced to 0.01 meV below 10 meV, 0.1% above (twice as many bins) 

Since the size of the analyzer is not present in the analytic expressions, the simulation used a single 
12×12 mm2 tile.  With all these changes made, there is still a “minimum” resolution, indicated by the 
open circles in Fig. 5.  The individual terms were activated separately, giving the respective solid circles.  
The A and L1 terms are too small to measure compared to the “minimum.”  The agreement between 
analytic and simulated is generally excellent, but there is an indication that the B-dependence at high 
energies is not as strong as expected from the analytic approximation. 

6.3  Mosaicity dependence 

In the monochromator algorithm in NISP, mosaic spread is represented by horizontal and vertical 
Gaussian distributions of the orientations of microcrystals.  NISP tracks neutrons by multiple steps, 
selecting an orientation and solving the Darwin transport equations for each step [9].  To relate the 
“microscopic” mosaicity parameters to rocking curves, we simulated a measurement [13] using 2-Å 
neutrons.  (This is also a practical X-ray wavelength for testing of crystals.)  Fig. 6 shows simulations 

 
Fig. 6. Simulated rocking curves for eight mosaicity values from 0.0020 to 0.025, as listed in Table 1and 
Fig. 7.  The “measurement” was made with a highly collimated beam of 2.01 Å neutrons, with a fixed 
takeoff angle of 35° and a large detector. 

Table 1. Mosaicity effects on resolution and intensity 

Mosaicity 

ssss  (ffff , yyyy  )  (rad) 

Rocking Curve 
fwhm  (°) 

Effective 

ssss  ( ( ( (BBBB) ) ) )  (mm) 

Resolution 

ssss  (� wwww)/� wwww 

Relative 
Intensity 

Figure of 
Merit 

Relative 
S/N 

0.0020 0.70 0.62 0.0091 0.75 0.91 13 

0.0035 1.16 0.65 0.0086 1.21 1.6 21 

0.0050 1.58 0.67 0.0091 1.61 1.9 24 

0.0070 2.13 0.68 0.0087 2.10 2.8 24 

0.0100 2.9 0.71 0.0107 2.7 2.4 27 

0.0140 3.9 0.74 0.0126 3.3 2.1 24 

0.0190 5.0 0.76 0.0140 3.5 1.8 22 

0.0250 6.3 0.80 0.0153 3.6 1.5 18 
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with incident beam collimation of rms 0.01° and perfect wavelength selection at 2.01 Å, for which the 
takeoff angle is 35°.  The fwhm values are given in Table 1.  Since the mosaicity affects the distribution 
of times spent in the crystal due to multiple reflections (cf. section 5.4), we also simulated 90° takeoff to 
find dB.  Even though fractions from 46% to 24% reflect on their very first interaction at the front surface, 
the distributions have extremely long tails, leading to the effective s(B) values shown in Table 1 in units 
of mm.  In Fig. 7 we show the effect of mosaicity on the simulated resolution widths.  For a single 
analyzer crystal (bottom set of points), the effect of mosaic spread is negligible, even for a 6° rocking 
curve.  Mosaicity becomes important when the full analyzer thickness and area are considered.  The 
correlation between multiple reflections and the focusing conditions allow multiple secondary paths to 
arrive at the same detector point, so the first-order cancellations found above in section 3 are no longer 
exact.  The upper set of points in Fig. 7 show a mosaicity dependence that is stronger, but still less than 
first-order.   

6.4  Full triple-focused analyzer simulations 

The NISP model for one full analyzer bank (Fig. 3) has 17 conical zones of analyzer crystals, with a total 
area of about 400 cm2.  Since mosaic spread broadens the area used on the detector, an appropriate size 
was determined for each of the eight mosaicities.  In every case the detector was divided into 20 vertical 
segments, which were recorded separately.  The inelastic scattering sample has 11 d-function levels from 
elastic to 368 meV.  (The simulations for Fig. 5 were made with separate runs for each energy, and very 
narrow wavelength bands.  This simulation includes all wavelengths, and gives some indication of 
background as seen in Fig. 4.)  The observed shape at each energy transfer is a direct measure of the 
instrumental resolution.  Fig. 8 shows the results.  To represent the resolution by a single number, the 
relative standard deviations at 62.4, 113.9, and 205.5 meV have been averaged, shown by a symbol at the 
right edge of the plot and listed in Table 1.  The first four mosaicities are essentially equal, and then the 
resolution increases as the 0.4 power. 

 
Fig. 7.  Simulated B term at 11 energy transfers, for 8 values of the mosaicity.  The lower set of curves shows that there is 
no first-order dependence of resolution on mosaicity.  When the thickness of the crystal is increased from 0.2 mm to 2.0 
mm (cf. Fig. 5, blue dots), there is an increase of about 50% because of the effective depth.  However when the full triple-
focused analyzer is used instead of a single tile, there are very significant correlations that degrade the high-energy 
resolution as roughly the 0.4 power of the mosaicity. 



  13 
  

Since these runs all use the same source function, intensities can also be compared.  Table 1 lists the sum 
of the 11 energies, and also a figure of merit (FOM) defined as intensity divided by the square of the 
standard deviation.  The simulations show that the general background (as seen in Fig. 4) increases with 
mosaicity because larger detector areas are needed.  We define a relative signal-to-noise (S/N) ratio as 
intensity divided by detector area, and show this as the final column in Table 1. The FOM peaks at 
mosaicity 0.007, and the S/N at 0.010.  The final recommendation is mosaicity in that range, or a neutron 
rocking curve between 2° and 3° fwhm. 

6.5  Comparison to TOSCA resolution estimates 

Since our Eq. (21) is formally so different from Eq. (9.13) of [4], we may ask how the results differ.  One 
complication is the use of fwhm instead of standard deviation, but since Ref. [4] has already made the 
assumption that everything is Gaussian, we can divide the calculated fwhm by )2ln(8 .  However we 

know that the experimental pulse shape has a tail.  At energies above 100 meV, the shape is well 
represented by the Ikeda-Carpenter form [14], which is a c2(6) distribution, (1/4)(x/2)2e- x/2, for which the 
mean is 6 and the variance 12.  Solving numerically for the half-height points, the fwhm is 1.960 s.  We 
use that ratio to convert measured fwhm to standard deviation. 

Fig. 9 shows analytic resolution curves for TOSCA.  Curve 1 is the published resolution (rescaled) [5], 
and curve 2 is calculated by Eq.(21) with identical instrument parameters.  The pulse width is 
proportional to wavelength, s t = (7.0 µs/Å)l , combined with a time-channel width of 2.0 µs.  Since the 
parameters are identical, curves 1 and 2 are a direct comparison of the two formalisms.  The spurious 
increase of curve 1 at high energy is the result of a serious statistical error: Eq. (3.14) combines terms that 
are  not independent, since they admittedly depend on the same thickness terms.  In Fig. 3.21a of [5], the 
common dependence of Efinal and Lfinal is apparent.  We have dealt with the same correlation.  In Eq. (7), 
E1 has a dependence on t2, and E2 has a dependence on Z2, but in Eq. (14) we see that t2 and Z2 are each 
proportional to the same thickness contributions, dA + 2 dB + dC.  It is essential to separate the 

 
Fig. 8. Resolutions simulated with the complete VISION model, for eight values of the mosaicity and a sample including 11 
d-function resonances.  The diamonds, Mosaic 0.007, correspond to the data of Fig. 4.   
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independent terms, as in Eq. (21), before combining in quadrature.  The contribution from the thicknesses 
is reduced by the correlation between E1 and E2.    

At low energy transfer, Eq. (22), the largest contribution is the detector offset term, (2E0/R2)dR2, which 
replaces the collimation term in Ref. [4] and is determined by sample and detector sizes.  Since only E2 
depends on R2, this term could be included in the Efinal term in [5]; it is omitted from Eq. (3.15), causing 
curve 1 to be lower than curve 2.  As can be seen in Fig. 5, the R2 term is insignificant at high energy. 

Finally, to facilitate comparison with the VISION model (Fig. 5), we used pulse shapes computed from 
MCNP simulations made at ISIS [15], curve 3 (dash-dot).  The MCNP epithermal pulse width is smaller 
than above, s t = (4.9 µs/Å)l , presumably because the poison depth in the moderator is only 15 mm.  
Curve 3 also illustrates the increased broadening of dt at intermediate energies due to the bimodal 
distribution (see section 5.2).   Another minor difference between curves 2 and 3 is the analyzer depth 
term, dB.  Curve 3, which has no adjustable parameters, represents our best analytic estimate of the 
resolution that might be achieved at TOSCA. 

The data points in Fig. 9 are measurements of selected vibrational modes of 2,5-diiodothiophene that have 
relatively small intrinsic width [5].  Considering the experimental uncertainties, the agreement with curve 
3 is satisfactory. 

The agreement between Eq. (21) and the resolution analysis of the CAT instrument at KENS [16] is quite 
good, but there are small differences.  First, they took t2 to be identically constant, instead of a 
distribution with constant mean, so a part of the thickness dependence was omitted.  Second, the sample 
thickness occurs in two terms without accounting for correlation. The only term shown in Fig. 5 of [16] 
with which we disagree is the 4-ms time bin, which seems to have used the fwhm in place of the standard 
deviation, and is thus too large by a factor of 12 .  We note that the DEf term is practically identical to 
our R2 term, as it should be.  This term is quite large at low energies because the CAT detectors are 
horizontal.  It is also of interest to note that although the mosaic spread was included as a direct 
component of the resolution, it was subsequently set to 0 for agreement with Monte Carlo simulations.  

 
Fig. 9.  Analytic and measured resolution at TOSCA. 1) rescaled from Fig. 3.21 of Ref. [5]. 2) computed from eq.(21) with 
the same parameters, including pulse width proportional to wavelength. 3) eq.(21), using tabulated pulse widths from a 
detailed model of the target/moderator system [15] and assuming negligible contribution from histogram binning.  Points are 
from a measurement of widths of narrow vibrational modes of 2,5-diiodothiophene [5]. 
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7.  Conclusions 

In terms of the experimentally measured t and R2, the energy transfer is given by Eq. (7).  By taking 
partial derivatives with respect to each instrument parameter, we arrive at the linearized analytic 
resolution given in Eq. (21).  We find both analytically and by simulation that the mosaic spread of the 
analyzer crystals is not a major contributor to the resolution of a time-focused crystal-analyzer 
spectrometer (for rocking curves less than 3° wide).  As shown in Fig. 5, at low energy transfer the R2 
term given in Eq. (33) completely dominates the resolution, while at higher energies the major component 
is the pulsed-source time distribution.  The difference of these results from previous work stems from 
using a proper set of statistically independent variables and by combining standard deviations, without 
the inaccurate assumption that the distributions are Gaussian.  A complete data acquisition and reduction 
scheme for VISION is included to minimize contributions from histogram binning.  The first-order 
analytic approximation now fully supports the more detailed NISP simulations (Fig. 5). 
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